Abstract. We investigate properties of function spaces induced by the inner product Sobolev spaces H s (Ω) over a bounded Euclidean domain Ω and by an elliptic differential operator A on Ω. The domain and the coefficients of A are of the class C ∞ . These spaces consist of all distributions u ∈ H s (Ω) such that Au ∈ H λ (Ω) and are endowed with the corresponding graph norm, with s, λ ∈ R. We prove an interpolation formula for these spaces and discuss their application to elliptic boundary-value problems.
Introduction
This paper is devoted to the function spaces induced by the scale {H s (Ω) : s ∈ R} of inner product Sobolev spaces over a bounded Euclidean domain Ω and by an elliptic partial differential operator A on Ω. The boundary of Ω and the coefficients of A are supposed to be infinitely smooth. We investigate the inner product spaces H s A,λ (Ω), where s, λ ∈ R, that consist of all distributions u ∈ H s (Ω) subject to the condition Au ∈ H λ (Ω) and that are endowed with the corresponding graph norm. We call H s A,λ (Ω) the Sobolev-like space induced by A. Such spaces are used in the theory of elliptic differential operators and elliptic boundary-value problems.
Specifically, the space H 0 A,0 (Ω) is the domain of the maximal operator that corresponds to the unbounded operator A defined on C ∞ (Ω) and acting in L 2 (Ω) [1, 2, 3] . Lions and Magenes [4, 5] systematically use the space H s A,0 (Ω) for s < ord A =: 2q in the theory of solvability of regular elliptic boundary-value problems in distribution spaces. In the case of the Dirichlet problem, the space H s A,−q (Ω) for s < q is also useful [6] . These spaces serve as domains of Fredholm bounded operators that correspond to elliptic problems. A more general class of the spaces H s A,λ (Ω) is considered in [7, 8] . Some of their versions are introduced for L p -Sobolev spaces [4, 5, 9, 10] , weighted Sobolev spaces [10, 11, 12] , and generalized Sobolev spaces [8, 13, 14] and are also used in the theory of elliptic differential equations.
The purpose of this paper is to investigate some properties of the spaces H s A,λ (Ω) concerning their completeness, separability, and dense subsets. Besides, we will prove an interpolation formula for these spaces. We also give their application to elliptic boundary-value problems.
Main Results
Let 1 ≤ n ∈ Z and s ∈ R. We let H s (R n ) denote the complex inner product Sobolev space of order s over R n . By definition, this space consists of all tempered distributions w in R n that their Fourier transform w is locally Lebesgue integrable over R n and satisfies the condition
The space H s (R n ) is Hilbert and separable with respect to the norm · s,R n . If Ω is an open subset of R n , then the Sobolev space H s (Ω) of order s over Ω is defined to consist of the restrictions u := w ↾ Ω of all distributions w ∈ H s (R n ) to Ω. This space is Hilbert and separable with respect to the norm
and is continuously embedded in the linear topological space
Henceforth we suppose that n ≥ 2 and that Ω is a bounded domain whose boundary Γ := ∂Ω is an infinitely smooth closed manifold of dimension n − 1, the C ∞ -structure on Γ being induced by R n . In the closed domain Ω := Ω ∪ Γ, we consider an arbitrary elliptic linear partial differential expression
of an even order 2q ≥ 2 with complex-valued coefficients a µ ∈ C ∞ (Ω). Here, µ := (µ 1 , . . . , µ n ) is a multi-index with nonnegative integer-valued components, |µ| := µ 1 + · · · + µ n , and x = (x 1 , . . . , x n ) is an arbitrary point in R n . The ellipticity condition for A means that
for every point x ∈ Ω and each vector ξ = (ξ 1 , . . . , ξ n ) ∈ R n \ {0}. In the n = 2 case, we suppose in addition that A is properly elliptic on Ω (see, e.g., [15, Section 5.
2.1]).
We associate some spaces with the elliptic formal differential operator A. Choosing s, λ ∈ R arbitrarily, we let H Here and below, Au is understood in the sense of the theory of distributions in Ω. 
Here and below, C ∞ 0 (Ω) denotes the set of all functions from C ∞ (Ω) that vanish near the boundary of Ω.
Note that, if λ > s − 2q, the space H 
It is well known that the Sobolev scale {H s (Ω) : s ∈ R} has the following interpolation property: if s 0 , s 1 ∈ R and 0 < θ < 1, then (Ω), where j ∈ {0, 1}. In view of assertion (ii) of Theorem 1, it is worthwhile to restrict ourselves to the case when λ j ≥ s j − 2q.
Theorem 2. Suppose that s 0 , s 1 , λ 0 , λ 1 , and θ are real numbers satisfying the inequalities λ 0 ≥ s 0 − 2q, λ 1 ≥ s 1 − 2q, and 0 < θ < 1. Put s := (1 − θ)s 0 + θs 1 and
Proof of the main results
We will give a joint proof of Theorems 1 and 2. Let us first prove that the space H s A,λ (Ω) is Hilbert for arbitrary s, λ ∈ R. Evidently, the norm in it is induced by a graph inner product. Besides, the space H 
, and lim u k = u in the space H s A,λ (Ω). Thus, this space is complete. Let us now prove assertion (ii) of Theorem 1. Since ord A = 2q, the differential operator A acts continuously from H s (Ω) to H s−2q (Ω) for every s ∈ R. Hence, if
(Ω) up to equivalence of norms due to the continuous embedding
Choose an arbitrary distribution w ∈ H s (R n ) such that supp w ⊂ Ω, and put u := w ↾ Ω. Since u ∈ H s (Ω), we have the inclusion Au ∈ H λ (Ω) by our assumption. Hence, χu ∈ H λ+2q (Ω) for every function χ ∈ C ∞ 0 (Ω) by virtue of the ellipticity of A (see, e.g., [16, Theorem 7.4 .1]). We can choose the function χ so that χ = 1 on supp w. Therefore u ∈ H λ+2q (Ω), which implies the inclusion w ∈ H λ+2q (R n ). Thus,
According to [16 
To prove Theorem 2 and the remaining part of Theorem 1, we use a theorem on interpolation of some Hilbert spaces induced by linear continuous operators. Before we formulate this result, let us make some notation. If H, Φ and Ψ are Hilbert spaces subject to the continuous embedding Φ ⊆ Ψ and if T : H → Ψ is a continuous linear operator, we put This norm does not depend on Ψ, and the space (H) T,Φ is Hilbert. The latter is proved in a quite similar way as the proof of the completeness of H 
up to equivalence of norms for every θ ∈ (0, 1). 
for every integer σ ≥ 2qr (see, e.g., [8, Lemma 3.1] ). Let (A r A r+ + 1) −1 denote the inverse of this isomorphism. This inverse defines the continuous linear operator
for every integer l ≥ −2qr. It follows from the interpolation formula (1) that this operator is well defined and continuous for every real l ≥ −2qr.
In Proposition 1, we put
(Ω), and T := A. Evidently, conditions (i)-(iv) of this proposition are fulfilled. Besides, subjecting r to the restrictions s j − 2q ≥ −2qr and s j − 2q − λ j ≥ −4qr for each j ∈ {0, 1}, we put R := A r−1 A r+ (A r A r+ + 1) −1 and S := −(A r A r+ + 1) −1 . Owing to (4), we have the continuous linear operators
for each j ∈ {0, 1} (the last embedding is continuous); i.e., conditions (v) and (vi) are fulfilled as well. The last condition (vii) is satisfied because
for every u ∈ E. Thus, owing to Proposition 1 and the interpolation formula (1), we conclude that 
This result is proved in [17, Theorem 4.1] for a more general method of interpolation between Hilbert spaces than that used in the paper (see also [8, Section 3.3.2] ).
According to Proposition 2, the spaces H s 0 A,λ 0
(Ω) and H
(Ω) from Theorem 2 are separable, and the second of them is continuously and densely embedded in the first provided that s 0 ≤ s 1 and λ 0 ≤ λ 1 . This specifically implies assertion (i) of Theorem 1 concerning the separability of H s A,λ (Ω) for all s ∈ R and λ > s − 2q. If λ ≤ s − 2q, this separability follows from assertion (ii).
It remains to prove assertions (iii) and (iv) of Theorem 1. Let s, λ ∈ R; if λ > s − 2q, we have the dense continuous embedding
(Ω) for every number s 1 ∈ R such that s 1 ≥ s and s 1 − 2q ≥ λ. This has been noted in the previous paragraph. Since the set C ∞ (Ω) is dense in H s 1 (Ω), this embedding implies assertion (iii) in the case of λ > s − 2q. In the opposite case, this assertion is a consequence of assertion (ii).
Finally, assume that s ≤ 1/2 and λ ≤ 1/2 − 2q. If λ > s − 2q, assertion (iv) follows from (5) 
Application
Let us discuss an application of the space H s A,λ (Ω) to elliptic boundary-value problems. We consider a boundary-value problem that consists of the elliptic equation
and the boundary conditions
Here, each
is a linear boundary partial differential expression on Γ of order m j ≤ 2q − 1 with complex-valued coefficients b j,µ ∈ C ∞ (Γ). We suppose that the boundary-value problem (6), (7) It is known [18, Theorem 7] that the mapping
where u ∈ C ∞ (Ω), extends uniquely (by continuity) to a Fredholm continuous linear operator
for every real number s > m + 1/2. Moreover, the kernel of this operator lies in C ∞ (Ω) and together with the index of the operator does not depend on s. Here and below, H σ (Γ) denotes the inner product Sobolev space over Γ of order σ ∈ R. Let N and κ respectively denote these kernel and index.
This fundamental property of problem (6), (7) does not remain for s ≤ m + 1/2. Specifically, if s ≤ m j + 1/2, then the mapping u → B j u, where u ∈ C ∞ (Ω), cannot be extended to a continuous linear operator from H s (Ω) to the linear topological space D ′ (Γ) of all distributions on Γ. But it is possible to prove a version of this property for every s ≤ m + 1/2 provided that we use some spaces H Moreover, this operator has the same kernel and index as operators (10) and (11) . Owing to Theorem 2, the first space coincides with H s A,λ (Ω) up to equivalence of norms (remark that H λ+2q (Ω) = H λ+2q A,λ (Ω)). Besides, the second space coincides up to equivalence of norms with the target space of operator (9) due to an analog of the interpolation formula (1) for Sobolev spaces over Γ (see, e.g, [12 , Capter 1, Theorem 7.7]). Thus, the latter Fredholm operator acts between the spaces indicated in (9) . It is an extension by continuity of the mapping (8) , where u ∈ C ∞ (Ω), in view of assertion (iii) of Theorem 1. The proof of Theorem 3 is complete.
Remark that, in the important case of regular elliptic boundary-value problems, Theorem 3 is proved by Lions and Magenes [4, 5] in the framework of L p -Sobolev spaces provided that λ = 0 and s / ∈ {1/p − k : 1 ≤ k ∈ Z}. In the case where s ≥ 0 and m ≤ 2q − 1, this theorem is contained in the result formulated in [19, p. 86] .
